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Most studies for postselected weak measurement focus on using pure Gaussian state as a pointer, 
which can only give an amplification limit reaching the ground state fluctuation. In this paper we 
use the thermal state pointer. We find that its amplification limit can reach thermal fluctuations 
and we also give the amplification mechanism different from the one with pure Gaussian state 
pointer. To illustrate the results, we propose two schemes to implement room temperature 
amplification of the mechanical oscillator’s displacement caused by one photon in optomechanical 
system. The two schemes can both enhance the original displacement by nearly seven orders of 
magnitude, attaining sensitivity to displacements of ~ 0.26 nm. Such amplification effect can be 
used to observe the impact of a single photon on a room temperature mechanical oscillator which 
is impossible to detect in traditional measurement. 

PACS numbers: 42.50.Wk, 42.65.Hw, 03.65.Ta 


Introduction-NfeN^ measurement (WM) with postse¬ 
lection, first proposed by Aharonov et al. [ij, is an en¬ 
hanced detection scheme where the system is weakly cou¬ 
pled to the pointer. The postselection on the system 
leads to an unusual effect: the average displacement of 
the postselection pointer is far beyond the the eigenvalue 
spectrum of the system observable, in contrast to von 
Neumann measurement. The mechanism behind this ef¬ 
fect is the superposition (interference) between different 
postselection pointer states (H. Much theoretical re¬ 
search based of weak value is shown in (S-Sj. WM 
has been realized [Gjl, and proven applicable to amplify 
tiny physical effects iTHlll. More experimental protocols 
have been proposed |l2l420|. A Fock-state view for WM 
is given in Q, based on which a WM protocols com¬ 
bined with optomechanical system (22|, [23| is proposed 
S i i HE [ 2 ^, and more applications of the field are 
reviewed in (28|, [29| . 

In most previous studies the pointer is initialised in 
pure Gaussian state. It was an inherit assumption that 
the pointer has to be in the pure state at the inception 
of WM A pointer can be easily represented with 

light in pure state jl-[§|, but with particles of efficient 
mass |30I433| . it’s difficult to initialize them in pure state 
due to environmental induced decoherence. The dis¬ 
cussion of mixed state pointer in WM is given in 
However, they only focus on weak-value 
formalism (see [28|, l29l | for reviews) but not what 
extent the amplification value can be, i.e., the am¬ 
plification limit. Thermal state is not only mixed 
state but also easier to prepare, especially in op- 
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tomechanical systems One may naturally 

ask whether using thermal state pointer in WM 
can give a valid result for the amplification limit, 
and what kind of advantage it has than pure state 
pointer. 

Here, we present a universal and easy method for en¬ 
hancing weak amplification limit. Our paper begins with 
a general discussion about WM using thermal state as 
the initial pointer state, and show that the maximal am¬ 
plification of the postselection pointer’s displacement can 
reach thermal fluctuation, which is much larger than the 
ground state fluctuation with pure state pointer j^, Q, 
indicating that thermal noise effect of the pointer is ben¬ 
eficial for weak measurement amplification. This ampli¬ 
fication is attributed to the superposition of the num¬ 
ber state \n) and the state (c + c'*')|n) (unnormalized) 
of the postselection pointer. Such superposition is the 
generalization of the mechanism behind the amplifica¬ 
tion in Ref. 0,0, SHH- Moreover, recently we find 
that weak measurement based of thermal state 
can also improve accuracy of precision measure¬ 
ment discussed i n 11 ill w hich is very different from 
previous results |38l-[4ll|. 

We apply the general idea to the field of optomechani¬ 
cal system. We find that the amplification of the mirror’s 
displacement occurred at time near zero is very impor¬ 
tant for bad cavities with non-sideband resolved regime, 
and can overcome the shortcomings of difficultly observ¬ 
ing the amplification effect due to dissipation 0. Fi- 
nally we show that the unique advantage of our 
schemes is that the amplification at room tem¬ 
perature, with current experimental technologies, 
can be used to observe the impact of a single pho¬ 
ton on a room temperature mechanical oscillator 
which is impossible to detect in traditional mea- 
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surement nil. 

Fock-state view of WM with thermal state pointer-ln 
the standard scenario of WM, the interaction Hamilto¬ 
nian between the system and the pointer is H = 

(setting h = 1), where H is a system observable, q is the 
position observable of the pointer and x(t) is a narrow 
pnlse function with interaction strength y. As in Ref. 
(j|, if we define c = + icrp, where a is the zero-point 

fluctuation, the interaction Hamiltonian can be rewritten 
as 

H = x{t)crA{c + c^). ( 1 ) 

Suppose the initial system state is I'lpi) = (l/v^)(|ai)s + 
|a 2 )s), where ai and 02 is eigenvalues of A. Then 
we consider the initial pointer state as pth{z) = (1 — 

Sn=o ^ = ^-hujmlkBT^ -g Boltz¬ 

mann constant and T is the temperature. 

Because of the linearity of pth{z), we need only look at 
the component number states \n)m are weakly coupled 
with Ifji) using Eq. ([T]). Then we postselect the system 
into a final state = {1/V2){\ai)s — e*‘^|a 2 )s) with 

^ 1, which is nonorthogonal to i.e., ~ 

iip/2 that is imaginary [i^l, then the reduced state of the 
pointer after postselection for n component (see Supple¬ 
mental Materials (SMs) for details jH]) is, 

\i^m{n)) = ^[D{-iaip)\n)m - e~"'^D{-ia 2 p)\n)m], (2) 

where p = and D{a) = exp[ac’*' — a*c] is the displace¬ 
ment operator. 

When p 1 and py/2n + 1 <C 1, i.e., p 1, the 
approximation of \fjm{n)) [Hi is 

\'>Pm{n))^^i « ^[i>f\n)m + iri{a 2 - ai){c +c^)\n)m]- ( 3 ) 

For Eq. ([3Q|) . the average displacement of the pointer 
( 4 ^ is 

{q) = a2<fr]^fF^{a2-ai)/{p+ ^fF^{a 2 -aif'rf) ( 4 ) 

and (p) =0. 



FIG. 1: The photon enters the first beam splitter of March- 
Zehnder interferometer, before entering an optomechanical 
cavity A and a conventional cavity B. The photon weakly 
excites the tiny mirror. After the second beam splitter, and 
dark port is detected, i.e., postselection acts on the case where 
the mirror has been excited by a photon, and fails otherwise. 


From Eq. dal, we can see that (g) is non-zero in 
position space, and get the maximal positive and neg¬ 
ative values ±(Y^)^/^cr (thermal fluctuation) when p = 
±(Y^)^/^(a 2 —ai)p^ respectively, which are much larger 
than that using pure state pointer P, 0, 01, i.e., the 
ground state fluctuation a. Therefore, the \ifm{n)) com¬ 
ponents corresponding to the maximal positive and neg¬ 
ative amplification are, respectively, |'0m(^))max r 7 <ri = 
(l/V2)[(‘b)V2(„, - ;.)l") ± (» + i)|„)|. Obvtously. 
the key to understand the amplification is the superpo¬ 
sition of the number state |n) and the state (c -h c'*')|n) 
(unnormalized) of the pointer in (|3Ql) . This result re¬ 
veals the more generalized law of causing amplification 
effect since it is regarded as a generalization of the mech¬ 
anism behind the amplification in standard WM lEi, 
which is the superposition of the ground state |0) and 
the one phonon state |1) of the pointer (see SMs 0 ). 
In a word, thermal noise effect of the pointer is beneficial 
for the amplification of the displacement proportional to 
imaginary weak value. It is surprised that in (m 
the approach above can also enhance precision in 
quantum metrology. 

Optomeehanical model-To show how the above results 
can be applied, we consider a March-Zehnder interfer¬ 
ometer combined with optomechanical system where the 
optomechanical cavity (OC) A and the stationary Fabry- 
Perot cavity B is embedded in its one and another arm, 
respectively (see Fig. 1), the Hamiltonian writes, 

H = huJc{ci^CL + b^b) + huJmC^c — hgo)a{c -h c^), (5) 

where ujc is the frequency of the optic cavity A, B of 
length L with corresponding annihilation operators a and 
6, uJrn is the angular frequency of mechanical system with 
corresponding annihilation operator c, and the optome¬ 
chanical coupling strength g = uj^crjcr = {hl2muJmY^‘^ 
which is the zero point fluctuation and m is the mass of 
mechanical system. 

WM Amplification using a phase shifter-As shown in 
Fig. 1, suppose one photon enters the interferometer, af¬ 
ter the first beam splitter and a phase shifter 0 in the arm 
A of the interferometer, the initial state of the photon be- 
comes = (l/V2)(e*'’|l)^|0)B + |0)^|l)B) with 6* < 

1. The mirror is initialised in thermal state pth{z). After 
the interaction ([5]), the second beam splitter postselects 
for the photon state \fif) = {I / y/2){\T) a\^) b - |0)a|1)b), 
which is nonorthogonal to \ fii{0))^ i.e., ^ i6>/2, 

and when a photon is detected at the dark port, as shown 
in SMs ji^, the reduced state of the mirror after posts¬ 
election for n component becomes 

IV’iW) = - |n)], (6) 

where ^(t) = k{l — with k = gjuJra and (fit) = 

k‘^{ujrn'l^ — sin ujmt) is Kerr phase. For Eq. dH]), the average 
displacement (g(t)) of the mirror (see SMs for derivation 
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FIG. 2: (a) Average displacement {q{t))/a versus time ujmt 
with 6 = 0.0005, k = 0.005 and = 0.9. (b) Average displace¬ 
ment {q{t))n/cr as function of n when 0 = with 

0 = 0.0005, k = 0.005 and z = 0.9. 

(Hi) is 

- ^(^e*W + ^*eW)]]/(2-^-^*), (7) 

where <l> = exp(—^(l + z)|^(t)p/(l —+ with 

n = o. 

Figure 2(a) show that the average displacement 
{q{t))/a of the mirror versus time uOmt- At time near 
uJmt = 0 the maximal amplification can reach 
(thermal fluctuation) which is ^/l9a when z = 0.9. 
This result is beyond the strong-coupling limiting a (the 
ground-state fluctuation) 0- Therefore, thermal noise 
effect of the mirror is beneficial for the amplification of 
the mirror’s displacement caused by one photon, which 
means that the impact of a single photon on an 
mechanical oscillator with arbitrary temperature 
can be observed. 

In order to observe the amplification effects appearing 
at time near = 0, we can obtain the approximation 
of IV’i(n)) nil 


|^/’i(n))cj„t<ci « i^[i0\n) + ikujmt{c + c’l')|n)] (8) 

when k 1 and 0 1. 

In Fig. 2(b), we plot the average displacement 
for (see SMs for derivation 0 ) 

as function of n when 0 = This condition 

0 = {Y^y^‘^kuJmt is to make {q{t)) achieve the maximal 
value It shows the amplification values grow 

with the increase of n. Obviously, the superposition of 
\n) and (c + c’*')|n) is the key to obtain amplification at 
time near ujmt = 0. 

WM Amplification using displaced thermal state- 
Besides the above amplification scheme, as shown in 
Fig. 1, we can also provide an alternative where 
the mirror is initialised in the displaced thermal state 
( 4 ^ using classical light pulses drive, pth{z^a) = 
D{a)pth{z)D'^{a). Without the phase shifter 6>, the ini¬ 
tial state of the photon after the first beam splitter is 
|'0i) = (1/\/2)(|1 )a|0)b + |0)a|1)b). Similar to the pre- 
vious scheme, when a photon is detected at the dark port. 


the reduced state of the mirror after orthogonal postse- 
lection = 0) for n component (see SMs |^) is 

mn)) = - |n)], (9) 

where (j){aA) = —i[a^{t) — a*^*(t)] is caused by noncom¬ 
mutativity of quantum mechanics Q. 

Figure 3(a) shows that the average displacement 
(qU)) /a of the mirror for |'02(^)) (see SMs for derivation 
[4^) versus time uJrnt. Obviously, at time near ujmt = 0, 
the maximal amplification can reach (thermal 

fluctuation) which is \/^(j when 2 ; = 0.9. The meaning 
of this result is the same as the one using a phase 
shifter and a huge impact of a single photon on 
a high temperature mechanical oscillator can be 
observed. 

Similar to Eq. (|8]), the approximation of |'02(n)) is (^| 


|V’ 2 (n))a;„t<i = f(i2k\a\Q\n) + iku^tic + c’'')|n)] (10) 


when k 1 and 2k\a\( 1 , where ( = l(co’^t)^ sin^^ + 

UJrnt cos/3. This indicates that the superposition of |n) 
and (c-f c’t')|n) is the key to obtain amplification at time 
near uJmt = 0. Fig. 3(b) show that at time uJrnt = 0.001, 
the average displacement {q{t))/a of the mirror as a func¬ 
tion of a = |o|e*^, i.e., different displaced thermal state 

pth{z,a). 

Dissipation-When the mirror is considered in a thermal 
bath characterized by a damping constant 7 ^, we have 


dpjt) 

dt 




where P[o] = op{t)o^ —o^op{t)/2 — p{t)o^o/2. In Fig. 4(a) 
and Fig. 5(a), we show that at time t ^ 1, the average 
displacements of the mirror (see SMs for derivation |44l |i 
from the exact solution of Eq. m for the first and the 
second proposed schemes, respectively. They show that 
at room temperature 300K, even if the damping coeffi¬ 
cient 7 (7 = 7m/^m) become very large, such as 7 = 50, 
the average displacement of the mirror is the same as the 



FIG. 3: (a) Average displacement {q{t))/a versus time uJrnt 
for \a\ = (y^)^^^/ 2, /3 = 0 (blue line) and \a\ = 10(1^)^^^, 
/3 = 7t/2 (red line), (b) Average displacement {q{t))/a at time 
UJrnt = 0.001 as a function of o = |o|e*^; other parameters are 
the same as before, i.e., k = 0.005 and z = 0.9 
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FIG. 4: (a) Average displacement {q{t))/a at time t 1 
with k — 0.005, 0 — 0.005 and Um — Ott kHz (room tem¬ 
perature 300K) for different 7 = 0 (yellow line), 0.005 (red 
line), 50 (blue line) and 5 x 10^ (black line), (b) Photon ar¬ 
rival probability density D{t) vs arrival time for 0 (0 — k) 
with K.— 1.2 X 10^ct;m (blue line), 1.2 x 10^ct;m (red line) and 
1.2 X lO^Um (green line). 
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FIG. 5: (a) Average displacement {q(t))/a at time t <^1 with 
k = 0.005, \a\ = (y^)^^^/ 2, /3 = 0 and curn = Ott kHz (room 
temperature 300K) for different 7 = 0 (yellow line), 0.005 (red 
line), 0.5 (blue line) and 50 (black line), (b) Photon arrival 
probability density D{t) vs arrival time for \a\ = (y^)^^^/ 2, 
= 0 with K, = 2 X lO^oJm (blue line), 2 x lO^cJm (red line) 
and 2 x lO^c^m (green line). 


one without dissipation, 7 = 0, but actually the damping 
coefficient of the OC we use in ji^l is 5 x 10“^, which is 
no effect on the amplification. 

Experimental requirements-Fii^t^ we discuss the pho¬ 
ton arrival rate versus time. Suppose a single photon in 
short-pulse limit enters to the cavity. The probability 
density of a photon being released from OC after time 
t is /^exp(—/^t), with n being cavity decay rate. The 
successful postselection probability being released after 
t is [2 - exp[-^|^(t)p/2](e*^^^^^+^^ + e-*(0P)+^))]/4^ 
where Cl = 0, (j){a^t). For /c ^ 1, this is approximately 
+ 02)/4. Multiplying (^|CWP + ^^)/4 
and /^exp(—/^t) results in the photon arrival rate density 
D{t) = ^ exp(-/i:t)(Y^|^(t)p + f2^) in OC, where 

1 1 7 

P = -/ nexp{-nt){- -(12) 

is the overall probability of a single photon successfully 
generating the superposition state of \n) and {c-\-c'^)\n). 
Figure 4(b) and Figure 5(b) show the photon arrival 
rate density D{t) for the first and the second proposed 
schemes, respectively. They show that in the bad-cavity 
limit K > ujrn^ i-e -5 non-sideband resolved regime, as the 
decay rate n of the cavity increases, D(t) become increas¬ 
ingly concentrated at time near t = 0. 

For a repeated experimental set up with identical con¬ 
ditions, the ’’average” displacement of the pointer is given 


by 

_ noo 

{q{t)) = / D{t){q{t))dt, (13) 

Jo 

where (g(t)) is the same as {q{t)) in Eq. ([7j). At room 
temperature T = 300iF, we use a mechanical resonator 
with mechanical frequency fm = 4.5 kHz and effective 
mass m = 100 ng j23|, indicating that z = 0.999999999, 
a = 4.32 fm (femtometer). So the maximal amplification 
value (^)i/V = 0.26 nm. If T = 1500iF, (^)^/V = 
0.5 nm For the first scheme, with n = 1.2 X lO^cJm, 
(^(^)) = 11577cr \i k = 0.005, 0 = 0.005, and for the 
second scheme, with n = 2 x lO^cj^, (^(^)) = 44704cr if 
k = 0.005, \a\ = (p^)^/^/2, /3 = 0. Now we compare 
these amplification results with the maximal unamplified 
value Aka = 86.4 am (attometer) caused by the radia¬ 
tion pressure of single photon in cavity A (amplification 
without postselection, see SMs 0 ) , therefore the am¬ 
plification factor is Q = {q{t))/Aka which are 578850 for 
the first scheme and 2235200 for the second scheme. 

We then give the experimental requirements for the 
optomechanical device at room temperature T = 300iF. 
According to Eq. (|93|) . P that we need is common, 
though the precise value of which depend on the dark 
count rate of the detector and the stability of the setup. 
At room temperature T = 300iF, for the first scheme, 
P is approximately 6.94/c^ jd^l for a device with n = 
1.2 X lO^uJm when 0 = 0.005. The window that detectors 
need to open for photons is approximately 1//^, requir¬ 
ing the dark count rate being lower than 6.9Ak^K. The 
dark count rate of the best silicon avalanche photodiode 
is about ^ 2 Hz. So we require k > 0 for a 4.5 kHz device, 
i.e. proposed device no. 2 from (l^l, but with optical fi¬ 
nesse F reduced to 2800 and cavity length being 0.5 mm. 
Eor the second scheme, P is approximately bk^ (31 for 
a device with n = 2 x lO^oOm when \a\ = (y^)^^^/2, 
P = 0. Because the dark count rate 2 Hz of the detec¬ 
tor is lower than bk^K, we require k > 0.000026 for the 
same 4.5 kHz device, but with optical finesse F reduced 
to 3000 and cavity length being 0.3 mm. Therefore, 
the implementation of the schemes provided here 
are feasible to observe the impact of a single pho¬ 
ton on a room-temperature mechanical oscillator 
in experiment. 

Conelusion-ln this letter, we considered using thermal 
state to enhance the amplification limit of the displace¬ 
ment of the pointer via Eock-state view of weak mea¬ 
surement (3, [ij , and the maximal amplification can reach 
thermal fluctuation. The mechanism behind the amplifi¬ 
cation is the superposition between the number state \n) 
and the state (c + c'^)\n) (unnormalized) of the postse¬ 
lection pointer. To this end, we proposed two different 
schemes for experimental implementations with optome¬ 
chanical system, and show that the amplification that oc¬ 
curs at time near = 0 is important for bad cavities 
with non-sideband resolved regime, which means that 
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our proposed schemes are feasible to observe the 
impact of a single photon on a room-temperature 
mechanical oscillator under current experimental 
condition. Moreover, we have provided enough 
theoretical toolbox fill . [ 4 ^ to amplify the weaker 
effect in one-photon weak-coupling optomechan- 
ics, which may be employed to explore the faint 
gravitational effect. 

This work was supported by the National Natural Sci¬ 
ence Foundation of China under grants No. 11175033. 
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This is a supplement for “Postselected weak measurement based on thermal noise effect”, wherein we provide the 
derivation of some results in main text. 


Derivation of weak measurement with thermal state pointer 

If the system is the initial state I'lpi) = (l/v^)(|ai)s + |a 2 )s) and the initial pointer state is the thermal state pth{z). 
After the interaction Eq. (1) in the main text, the time evolution of the total system is given by 

= (1 - eyi^[-iriA{c +c')\\iii)\n)m {nm\ {'ipi\eyiv[iWz{c + c^)] 

n=0 

= z)'^z'^W)sm{'>P\sm (14) 

n=0 


with 


= -^[\ai)sD{-iairii) + \a2)sD{-ia2'q)]\n) 


(15) 


where r] = xa assumed to be very small and Dipt) = exp[£rcl — q:*c] is the displacement operator. This result 
correspond to weak measurement without postselection on the system. 

The average displacement of the pointer observable M {M = q^p) is 


where pm is an updated pointer state after postselection and pth is an initial pointer state. Here we use the operator 
q = <j(c + c^) and p = -^{—i){c — c^) over all the paper. 


Amplification: postselecting state |^/) is nonorthogonal to and ^ s is real number 

When the postselected state of the system \ipf) = cos(5 — s)\cii)s — sin(^ — £)\ci 2 )s with 5 <C 1 is performed for the 
total system (p!5|) . i.e., { 2 pf\^i) ^ 5 , which is real number, the reduced state of the pointer for n component becomes 

Wm{n)) = {'>pf\'>p)sm 


= ■^(l^/|[|ai)s-D(-iair?) + |a2)s-D(-ia2??)] |n)m, 

1 TT TT 

= ■^[cos(- - e)D{-iairi)\n)m - sin(- - e)D{-ia2ri)\n)m] 

and therefore, over all n component, then the final total state of the pointer is 

Pm = (1 - 2 :) ^ Z^\ipm{n)){pm{n)\ 

n=0 


(17) 


(18) 


Substituting Eq. (p!8|) into Eq. (HU) with M = p, we can obtain the analytical expression 


(p) = ^[(0 - ©*)(cos2(- - e) - exp(- 


P >|2 


(1 + 2;)|0| ^ 

2 ( 1 -.) 


■e) sin(^ -e))]/[l -2cos(| -e) sin(^ - e) exp(-Tt^li^)], 


(19) 


where 0 = —ip{ai — a 2 ). 
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Making small quantity expansion for amplification 


For the Eq. dED, when 5 <C 1 and rj\/2n + 1 ^ 1 , i.e., ^ 1 , we perform a small quantity expansion about 77 and 

5 till the second order, then leading to 


\‘^m{n))n^i « i[(l + e)(l - zai7?c+ - iair]c)\n)m - (1 - e)(l - ia2?7c+ - ia2'nc)\n)m] 
~ ^[2e|n)m + Z7?(a2 - ai)(c + c^)\n)m\ 


( 20 ) 


and therefore, over all n component, then the final total state of the pointer is pm ~ ( 9 ^m(^)|^<^iand 

substituting it into Eq. m, the average displacement of the pointer is 


(p) = 


1 4(a2 - ai)sp 

2a 4^^ + ’ 


( 21 ) 


which is the asymptotic solution of m and 


{q) = 0. (22) 

Erom Eq. ([2T]) . we can still get the maximal positive value when s = — cii)v/‘2‘ and the 

negative value when s = —{]^)^^‘^{ci 2 respectively. Because < 1, so |(p)| < ^ (zero-point 

fluctuation), implying that the maximal amplification of the pointer’s displacement in momentum space is less than 
zero-point fluctuation, in sharp contrast to Eq. (|44|) in the following Section II which indicate that {p) = when 
5 = ±(a 2 — ai)pf2. Therefore, thermal noise effect of the pointer has a negative effect for the amplification of the 
displacement proportional to reak weak value. 

Although the displacement proportional to reak weak value has been amplified using thermal state 
pointer, but it is far less than the larger uncertainty (thermal fluctuation) of the pointer, indicating 
that mixed state pointer with larger fluctuation is infeasible for the displacement proportional to reak 
weak value. In other words, if mixed state pointer (e.g., thermal state) didn’t have any advantage over 
pure state pointer, it would be pointless to study amplification with mixed state pointer. 


Displacement of the pointer in momentum space corresponding to real part of weak value 


According to the definition of weak value 


Q 




(23) 


where l^pi) and l^pf) is the preselected and postselected state, in this case of using thermal state the weak-value regime 
satisfies the condition r]y/2n + I e When the postselection state of the system I'lpf) = (I/\/2)[cos(^ —£)\cii)s — 
sin(^ — s)\a 2 )s] is performed for the total system ([T5]) : 


1 ^/) = {‘>Pf\exp[-iriA{c + c^)]\'tpi){'tpi\pthexp[iriA{c + c^)]\'tpf) 

~ (1 - E “ *?7(^/|^|V’i)(c + c^)]\n)m{n\m[{H^f) + iv{A\A\^f)ic + c^)] 

n =0 

« (1 - z)'^ z^{i^f\'tpi){i;i\'tpf) exTp[-i7]Ayj{c + c^)]\n)m{n\mexp[i7]A’l{c + c^)], (24) 

n =0 


where An,, = 


Qicos(f-£)-a2sin(f-£) ^ (01-02) 
cos(f-£)-sin(f-£) 2 £ V 

Substituting Eq. ([24|) into Eq. (p!6|) . the average displacement of the pointer in momentum space is 


(p) = “ z)'^z'^{n\mexp[iriAw{c + c’)]{c - c^) exp[-iriAl,{c + c^)]\n)m 

n =0 

= xRe^„ (25) 

which is exactly the same weak values as a pure Gaussian pointer state [l|. But the the average displacement of the 
pointer in position space is always 


(g)=0. 


(26) 








8 


Amplification: postselecting state \'ipf) is nonorthogonal to \^i) and (^fl'ipi) ^i(pl2 is imaginary number 

When the postselection \'ipf) = {1 /\/2){\ai)s — e'^^\ci 2 )s) with ^ 1 is performed for the total system m, i-e., 
{^pfl^pi) ^ which is an imaginary number, the reduced state of the pointer for n component becomes 




V2 


{'ipf\[\ai)sD{-iairi) + \a2)sD{-ia2ri)]\n)r 


= -(D{-iairi)\n)m - e "'^D{-ia 2 T])\n)m)- 
Therefore, this is Eq. (2) in the main text. 

For Eq. ([?7l) and over all n component, the final total state of the pointer is 


Pm = (1 - ^) E ^''\'^rn{n)){'lpm{n)\. 


(27) 


(28) 


n=0 


Substituting Eq. (|28|) into Eq. (HU) with M = g, we can obtain the analytical expression 


(q) = cr[0 + 0* - exp(- 


(1 + ^)| 0 | 


P)|2 


■) 


2{l-z) 

X [(e*^0 + e-*^0*) - zie^^e* + e-*^0)]]/[2 

(l + x)|0|2 - 


-exp(-- 


2 ( 1 - 2 ) 


-)(e*‘^ + e-*‘^], 


(29) 


where 0 = —ir]{ai — a 2 ). 


Making small quantity expansion for amplification 


(30) 


For Eq. ([27|) . we can perform a small quantity expansion about 77 and ip till the second order when (p 1 and 
iriy/2n + 1 ^ 1 , i.e., 77 ^ 1 , then 

IV’m(n)),,<i ~ ^{1 - iai7]{c + c^))\n)m - (1 -*<p)(l - ia 2 T]{c +c^))\n)m)- 
~ +*^(“2 - ai){c + c^)\n)m]- 

Note that we use its approximation ^ 1 — ip to get the state ip\n)m- 
Therefore, this is Eq. (3) in the main text. 

Substituting it into Eq. (EDI), the average displacement of the pointer in position space for n component is 

q = 2cr(272 + l)(a 2 - ai)piri, 

For Eq. ([3Q|) . over all n component, then the final total state of the pointer is 

pm ~ ~ ^ ^ |?7<C1 


(31) 


(32) 


n=0 


where At = \{p‘^ + y ^(^2 — is a normalized coefficient, and substituting it into Eq. (pTl) . the average 

displacement of the pointer in position space is 




z'^q 


n=0 


2 f^(a 2 - ai)ipri 
+ T^(«2 -aiYrn'^' 


= a 


(33) 
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which is the asymptotic solution of (|29|) . Therefore, this is Eq. (4) in the main text. Note that the result (|33|) should 
be twice the average results, which originate from the coherence (superposition) between the pointer states (f3Q|) and 
the classical statistical properties of thermal state itself, respectively. It is obvious that the key to understand the 
amplification is the superposition of the number state |n) and the state (c + c^)\n) (unnormalized) of the pointer. 


Displacement of the pointer in position space corresponding to imaginary part of weak value 

According to the definition of Eq. (f23|) . in this case of using thermal state, the weak-value regime satisfies the 
condition 77\/2n + 1 cp 1. When the postselection state of the system I'lpf) = (l/v^)(|ai)s — e*^|a 2 )s) is 
performed for the total system m- 

1 ^/) = + c^)Mi){^i\pthex-p[iriA{c + c^)]\^f) 

~ (1 - ^) E - *»7(^/I^IV’i)(c + c^)]\n)m{n\m[{i^i\^f) + iri{^pi\A\^pf){c + c^')] 

n=0 

~ (1 - ^) E IV’i)1^/) exp[-z7?^^„(c + c^)]\n)m{n\m exp[ir]Al ,(c + c^)], (34) 

n=0 


where Ay, = ~ (imaginary) 


Substituting Eq. (IHUl into Eq. m, the the average displacement of the pointer in position space is 
{q) = (t(1 - z) z'^{n\jnexp[iriAl,(c +c^)]{c +c'^)exp[-iriAy,{c 

n=0 

+ c'^)] |n)m/[(l - -2) E exp[-i? 7 (A„ - Al,){c + c’l')] \n)m] 


n=0 


Changing to the q representation in rectangular coordinate this becomes 
(1-^) 


(</) = 




/ oo 

dq{q^ 

-oo ^^0 


2"n! a ^ 




' y/2a 20-2 ■ 


where is Her mite Polynomial. 

Using Mehler’s Hermite Polynomial Eormula 


^ Hn{x)Hn{y) A .ri (. 2 n - i /2 .2xyw-[xf^y^ 

E- ni -( 2 "") =(!-«') ^ exp[--)] 


n=0 


(35) 


(36) 


(37) 


and 


/ oo Q noo 

dir(xexp[—exp[mx]) = —— / dx(exp[—exp[mx]), 

-00 UTTi J —QQ 


(38) 


then Eq. (|35]) becomes 


(q) = 2x\mAyX^^(j‘^. (39) 

1 — z 

But the the average displacement of the pointer in momentum space is always 

(p) = 0 . (40) 

Erom Eq. it can be seen that (q) is proportional to the square of thermal fluctuation and is imaginary in 

position space, which is the generalization of the result of Eq. (10) in [3|. Therefore, thermal noise effect of the 
pointer is beneficial for weak measurement amplification. But (q) is not the optimal displacement, i.e., the maximal 
amplification value. 
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Fock state veiw of the standard weak measurement with a ground state pointer 


We consider the Hamiltonian (1) in the main text. If the initial state of the system is \^jji) = {1 /y/2){\ai)s + \ci2)s)^ 
where |ai)s and \a 2 )s is eigenstates of A. Any Gaussian can be seen as the ground state of a fictional harmonic 
oscillator Hamiltonian [1]. Suppose the initial pointer state is the ground state |0)m- Then weakly couples them using 
the interaction Hamiltonian (1), the time evolution of the total system is given by 


= exp[-i7]A{c + c^)]\'tpi)\0)m 


= -^[\ai)sD{-iairi) + \a2)sD{-ia2ri)]\0)r 


(41) 


When the postselection \ipf) = (l/-\/2)[cos(^ — e)|ai)s — sin(^ — £)|a 2 )s] with e ^ 1 is performed for the total 
system (1411) . i.e., (ipfltpi) fs e, which is real number, then the final state of the pointer is 

^[cos(^ - e)D{-iair]) - sin(^ - e)D{-ia2ri)]\0)m- (42) 

For Eq. when e ^ 1 and rj 1, we can then perform a small quantity expansion about 7] and e till the second 
order, and then obtain 


-(2e|0)m + i{a 2 - ai)r?|l)m), 


(43) 


Substituting Eq. into Eq. m, in this case of the near-orthogonal postselection, i.e., {^pfl^pi) ^ 5 , we can find 
that 


iP) = 


1 4(a2 - ai)e?7 

2a 4:6^ + (a 2 — ai^rf 


(44) 


and 


(g) = 0 (45) 

When 2e = ±(a 2 — ai)r]^ we will have the largest displacement in momentum space and when 5 = 0, indicating 
that the postselected state of the system is orthogonal to the initial state of the system, i.e., {^f\ 2 pi) = 0 , the 
displacement of pointer in momentum space is zero. This amplification result is due to the superposition of |0)m and 
|l)m- However, the displecement of the pointer in position space is always zero. 

When the postselection \^f) = (l/\/2)(|ai)s — e^'^\ci2)s) with cp 1 is performed for the total system m, i-e., 
{ipflilji) ~ i(p/2, which is an imaginary number, then the final state of the pointer is 

i [D{-iairi) - e~^‘^D{-ia2r])] | 0 )m ( 46 ) 

For Eq. (|42|) . when cp 1 and 77 ^ 1, we can perform a small quantity expansion about 77 and (p till the second 
order, and then obtain 

^[i(p\0)m + iv{^2 - ai)|l)m]- (47) 

Substituting Eq. (|T7|) into Eq. (pTl) . in this case of the near-orthogonal postselection, i.e., ^ i(pl2, we can 

find that 


^ 2(02 - ai)<fv 

^ ^+ {a2 - aiYrf 


(48) 


and 


(p) = 0 


(49) 
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When (f = ±(a 2 — ai)iri we will have the largest displacement ±cr in position space and when (/9 = 0, indicating that 
the postselected state of the system is orthogonal to the initial state of the system, i.e., = 0, the displacement 

of pointer in position space is zero. This amplification result is due to the superposition of |0)m and |l)m- However, 
the displecement of the pointer in momentum space is always zero. 

Obviously, the mechanism behind the amplification with Gaussian pointer [ij is also regarded as the superposition 
of |0) and |1) of the pointer in fock space. Therefore, the standard scenario of weak measurement [H can be also 
shown and understood by the Fock-state view where the pointer is a ground state Q- It give a view of the relationship 
between the weak measurement and other measurement techniques. 


Amplification using a phase shifter 0, 


According to the results of Ref. , the time evolution operator of the Hamiltonian (5) in the main text is given 
by 

U{t) = exp[—ir(a^a + exp['i(a^a)^(/)(t)] exp[a^a(^(t)c^ — C*(^)c)] exp[—(50) 

where (j){t) = — sincj^t), ^{t) = k{l — r = k = glujm is the scaled coupling parameter. 

Suppose that one photon is input into the interferometer, and after the first beam splitter and a phase shifter 0 
the initial state of the photon is \2pi{0)) = (l/\/2)(e*^|l)A|0)B + |0 )a|1)s)- The mirror is initialised in thermal state 
pth{z)- After weakly coupled interacting ([5U|) between one photon and the mirror, the time evolution of the total 
system leads to a state given by 

n=0 

^-Km+O) + (0|^(1|b], ( 51 ) 

where (j){t) = k‘^{ujmt — sincj^t) is Kerr phase i,i of one photon. 

When a photon is detected in the dark port, in the language of weak measurement the postselected state of one 
photon is \^f) = (1/\/2)(|1)a|0)b — |0)a|1)b), which is nonorthogonal to i.e., {^f\^i{0)) ^ iO/2. Then the 

reduced state of the mirror after postselection for each n component is 

\Mn)) = T[(V,/|[|l)^|0)Be*(^«+^)D(O + \0)A\l)B]\n)m] 

= ^le^m)+0)D{^)\n)m-\nU. ( 52 ) 

Therefore, this is Eq. (6) in the main text. 

For Eq. ([5^ . over all n component, then the final total state of the pointer is pos = {I — z) X]n=o 
Substituting Eq. (|^2J) into Eq. m, we can follow a two-step procedure to obtain the average displacement of the 
mirror: first, calculate the numerator of equation m, then calculate the denominator of equation m- 


For the numerator of equation (pT|) . we obtain 

{n\D\^)qD{^)\n) = a{n\D^{^){c + c^)D{^)\n) = (53) 

using {a)cD{a) = c + a, {a)c'^D{a) = c"*" + a*, and 

{n\q\n) = a{n\{cc^)\n) = 0, (54) 

e^(^(^)+^)(n|gT)(0|n) = + c'^)D{^)\n), (55) 

e-^(^(')+^)(n|T)t(0^|n) = + ct)|n), (56) 

For Eq. ([55|) . and using 

{l\D{a)\n) = yf exp(-l|a|2)L('-")(|an, (I > n), (57) 
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and 


{l\D\a)\n) = exp(-i| - a|2)L^' - a\^), {I > n), 

where L^{x) is is an associated Laguerre polynomial Q, we can find 

[{n + l\D{^{t))\n) + (n — l\D{^{t))\n)] 

with 

Dn+i,n =^(t)exp(-i|^(i)|^)Li(|^(i)|^),n > 0 


(58) 


(59) 


(60) 


Using identity 


we have the following result 


U,n -1 = -C(i)exp(-i| -^(t)|^)ii(| -^(t)|^),n > 1. 


^ L'^{x)z^ = (1 - z)-'^-'^ exp(-xV(l - z)), 

n=0 


oo ^ 

(1 - ^) ^ ^"-D„+ 1 ,„ = exp(- 


n=0 


(i + ^)|g(0l^ 

2 ( 1 -^) 


)^(i) 


Seting n = n +1, and using Eq. (|S2l) 


(61) 


(62) 


(63) 


(1 - ^) ^ = (1 - ^ +'Uhi.n' 

n^=0 


n=0 


^ ■exp(-di:dl^^)^*(i) 


1-2 2(1-2) 


(64) 


Then we have 


(1 - 2)e*(^(‘)+'') f2{n\qD{0\n) = a[-^ exp(-d±^iM + i^^t) + ie)m 

n=0 ^ 

Next, for the denominator of equation (p!6|) . and using Eq. (f57|) and Eq. (f58|) . we find 

and 


S *W*)+<^)(n|L)1’(C)|n) = e exp(-YlC(i)P)i“ (IC(i)P), > 0 


Eor Eq. (|66|) . using identity (|62]) . we have the following result 


(1 - y](n|L>(^)|n) = exp(-2-i^fJ^^^) 

n=o 2(1-2) 


(67) 


(68) 
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So we can obtain the average displacement of the mirror 

oo oo oo 

{q{t)) = (1 - z)[Y,{n\D\Oqm\n) - ^(n|gD(e|n) - ^{n|Dt(0</|n)]/[2 

n=0 n=0 n=0 

oo oo 

- (1 - ^(n|D(C)|n) - (1 - ^(n|L>+(e|n)] 

n=0 n=0 

= + e { t ) - + ^* m )]]/{2 - $ - $*), ( 69 ) 

where <h* = exp(— —h i(l>{t) + ifl) with Q = 0. 

Therefore, this is Eq. (7) in the main text. 

Note that the denominator |(2 — $ — <!>*) is the successful postselection probability being released from optome¬ 
chanical cavity after t. 


Small quantity expansion about time for amplifieation 

However, in order to observe the amplification effects appearing at time near T = 0, for Eq. ([5^ we can then 
perform a small quantity expansion about time T till the second order. Suppose that — T| ^ 1, i.e., ujrnt ^ 1, 
k <^1 and 6> ^ 1, then we can obtain 

i’i{n))u,mt<s:i ~ ^[{l + i0){l + ikujmt{c + c^))\n) - |n)] 

^ ^[i0\n)+ikLOmt{c +c^))\n)]. (70) 

Therefore, this is Eq. (8) in the main text. 

Substituting Eq. (1701) into Eq. (pT|) . then 

(^(^))n = cr20kuJrnt{‘^ri + l)/[6>^ + k^ {uJmtY + 1)]. (71) 

Therefore, this is the average displacement {q{t))n for plotted in Eigure 2(b) in main text. 

Eor Eq. (|70|) . over all n component, then the final total state of the pointer is pos ~ (1 ~ 

substituting it into Eq. ([I6]), then 

{Qit))u.^t«i = a2eki0mt\^/[{e^ + (72) 

Based on Eq. ([72|) . we then obtain the maximal positive value (thermal fluctuation) or negative value 

— (Y^)^/^cr when d = ±( respectively. Therefore, the |'0(n)) components corresponding to the maximal 

positive and negative amplification, respectively, are |'0i(n))max,u;^t<i = :^[(t^)^^^|^) i(c + c^)|^)] (unnormalized). 
Then the mirror state achieving the maximal positive and negative amplification, respectively, are pos{z,t) = |(1 — 
Sn=o ^’^l'0i(^))max,u;mt<i('^i(^)|max,Cii^M:X* obvious that the amplification with thermal state pointer is much 
larger than that with pure state pointer [l|, y, Isl, [9| since its maximal value is the ground state fluctuation a. Therefore, 
thermal noise effect of the pointer (mirror) is beneficial for the amplification of the mirror’s displacement. 


Amplification using the displaced thermal state 

Suppose that one photon is input into the interferometer, and after the first beam splitter the initial state of the 
photon is \ 2 pi) = ^(|1)a|0)b + |0)a|1)b)- The mirror is initialised in displaced thermal state pth{z^a). When the 
photon interact weakly with the optomechanical system through dsni), the evolution state of the total system is given 

by 

n=0 

+ -D^(¥’)(oU(i|b] 
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where 0(t) = k‘^{ujmt — sincj^t) is kerr phase of one photon. 

When a photon is detected in the dark port, in the language of weak measurement the postselected state of the one 
photon is I?/)/) = ^(|1 )a|0)b - |0)a|1)b), which is orthogonal to I'lpi), i.e., {'ipfl'ipi) = 0. Then the reduced state of 
the mirror after postselection for each component \n)m is given by 

|X 2 (n)) = ■^[{i;f\[\l)A\0)Be^^^^^D{OD{^) + \0)A\l)BD{<p)]\nU] 

= - D{<p)\nU. (74) 

In order to make the analysis simple, we can displace the above state to the origin point in phase space, defining 
\ip 2 {n)) = D\^)\x 2 {n)) and we can obtain 

\Mn)) = - D\^)D{^)]\nU 

= - \n)m], (75) 

where (j){a^t) = —i[a^{t) — (a*^*(t)] is obtained by using the property of the displacement operators D{a)D{/3) = 
exp[(a/3* — a""P]D{P)D{a)^ due to noncommutativity of quantum mechanics 
Therefore, this is Eq. (9) in main text. 

For Eq. CH), over all n component, then the final total state of the pointer is pos = {I — z) X]n=o I '02 (^)) ('^ 2(^)1 
and substituting it into Eq. (pT|) . then we show the average displacement of the mirror’s position 

{q{t)) = am + at) - 0-[$^(i) + ^*r(i) 

- zi^at) + $*e(i))]]/(2 - $ - $*), (76) 

where 4>* = exp(— —h + ift) with ft = (j){a,t). In order to obtain the above result, here we use two 

equations, 

{l\D{a)\n) = y|'a'-"exp(-i|a|2)i:(*-)(|a|2),(Z > n) (77) 

and 

oo 

^ L^(x)^” = (1 - exp(-xV(l - ^)), (78) 

n=0 

where L^{x) is an associated Laguerre polynomial Q- Note that the denominator of Eq. ([76l) |(2 — 4> — <!>*) is the 
successful post select ion probability being released from optomechanical cavity after t. 

Therefore, Eq. (|76|) is the average displacement {q{t)) of the mirror for the state 102(^)) plotted in Figure 3(a) in 
main text. 


Small quantity expansion about time for amplifieation 

However, in order to observe the amplification effects appearing at time near T = 0, for Eq. CSD we can then 
perform a small quantity expansion about time T till the second order. Suppose that \uJrnt — T\ <C I, i.e., uornt ^ I, 
k 1 and 2k\a\( <C I, then we can obtain 

V’2(n))a;„t«i ~ ^[(l + i2fc|a|C)(l + ifcwmi(c + c^))|n) - |n)] 

fa ^[i2k\a\C\n) + ikujmt{c + c^)\n-)]^ 


(79) 
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where C = ^ sin p + ujmt cos /3. 

Therefore, this is Eq. (10) in main text. 

For Eq. ([7U1) . over all n component, then the final total state of the pointer is (1 — 

and Substituting it into Eq. ([121), 'then 

(9(i))a;™t«i = cr4k'^\a\Cuj„,t^^/[4{k\a\Cf + k‘^{ujmtf^^]. (80) 

1 — z 1 — z 

Based on Eq. (|5U1) . we then obtain the maximal positive value or negative value — when 

2k\a\(^ = respectively. Therefore, the |'02(n)) components corresponding to the maximal positive 

and negative amplification, respectively, are |' 02 (^))max,u;^t<i = (l/v^)[(Y^)^/^|n) ± (c + c^)\n)] (unnormalized). 
Then the mirror state achieving the maximal positive and negative amplification, respectively, are pos{z^t) = |(1 — 

Sn=o ^^l'^2(^))max,u;^t<i('02(^)|max,a;rnt<i' obvious that the amplification with displacement thermal state 
pointer is much larger than that with pure state pointer (lliii since its maximal value is the ground state 
fluctuation a. Therefore, thermal noise effect of the pointer (mirror) is beneficial for the amplification of the mirror’s 
displacement. 


Dissipation effect in optomechanical system 

The master equation (11) in the main text is given by 


dpjt) 

dt 




Ifm 

(TV^ 


V[c] + 


(TV^ 


P[ct], 


(81) 


where 'D[o] = op{t)o^ — o^op{t)j2 — p{t)o^ol2. 

For the amplification scheme using a phase shifter 9, at time t <C 1, if we perform a Taylor expansion about t = 0 
till the second order, the solution of the master equation is approximately 


p{t) = p{0) + 


dpjt) ^ 

dt 


,2 

2!dt2 


(82) 


When the intial state of the total system is p(0) = \ipi{9)){'tpi{9)\ ® pth{z) and after the postselecting state |V’/) is 
performed for the system in Eq. (1^ and substituting it into Eq. m, by carefully calculation, we can obtain 


7 1 + 2 ) 


= (ri^Y^kUmtsinO + k{ujrnt) {1 - cos9) - - fc(w„t)^ sin0]/[2 


1 H“ z 

— 2 cos6> H- k{(jJmt)‘^ cos6>]. 


(83) 


where ^ = 

This is the average displacement of the mirror after postselection plotted in Figure 4(a) in main text. 

For the amplification scheme using the displaced thermal state, at time t ^ 1, if we perform a Taylor expansion 
about t = 0 till the third order, the solution of the master equation is approximately 


p{t) = p(0) + 


Mt),+ 


d^pjt) 2 , d^pjt) o 

2!df2 ^ 


(84) 


When the initial state of the total system is p(0) = (g) pth{z,a) and after the postselecting state l^pf) is 

performed for the system in Eq. (|84|) and substituting it into Eq. m, by carefully calculation, we can obtain 


(9(i))a;™t<ci = [3^-^^k‘^{uJmt)‘^\a\cos9 + 4k‘^{uJmt)‘^{\o!\cos9f - cos0 

- 3'yk‘^{ujmtf{\a\ cosd)^]/[iti^fc^(wmf)^ + 2k'^{\a\ cos9f - jk^(u>mtf(lal cos9f 

- - 2|a| cos9. (85) 

This is the average displacement (g(t))c^^t<i of the mirror after post selection plotted in Figure 5(a) in main text. 
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The amplification without postselection in optomechanics 

The time evolution operator of the Hamiltonian (5) in the main text is given by 

U{t) = ex.p[—ir{a^a + b^b)ujmt] ex.p[i{a^a)‘^(j){t)] exp[a^a(^(t)c^ — C*(^)c)] exp[—(86 ) 

where 0(t) = k‘^{ujmt — sincj^t), ^(t) = k{l — r = cjo/^m, k = g/oorn is the scaled coupling parameter. 

As shown Fig. 1 in main text, we use only single cavity A. When thermal state pth{z) is considered as a pointer 
in cavity A, and if one photon is weakly coupled with the mirror using (|86l) . it can be found that the mirror will be 
changed from pth{z) to a displacement thermal state, 


Pth{z,i) = D{i{t))pth{z)D\£,{t)). (87) 

According to the expression of the displacement 

(g) = Tr{ptn{z^ Oq) “ Tr{pth{z)q) (88) 

with q = g(c + c), there is the the average position displacement of the pointer without postselection, 

(g) = 2k(l — cosci;^t)cr. (89) 

However, when displacement thermal state pth{z^a) is considered as a pointer in cavity A, and if one photon is 
weakly coupled with the mirror (f86l) . it can be found that the mirror will be changed from pth{z^ a) to a displacement 
thermal state. 


Pth{z, i) = D{i{t))pth{z, p)D\i{t)), (90) 

where ip{t) = . According to the expression of the displacement 

(g) = Tr{pth{z, p, 04) - Tr{pth{z, p)q) (91) 

with g = cr(c + c), there is the the average position displacement of the pointer without postselection, 

(g) = 2k{l — cos (92) 

Fom Eq. (|89|) and Eq. (|92]) . it can be seen that the position displacement of the mirror caused by radiation 
pressure of one photon can not more than Aka for any time t. In the literature 01 , we know that if the displacement 
of the mirror can be detected experimentally it should be not smaller than <j, implying that the displacement of 
the mirror reach strong-coupling limit, so k = g/uJm can not be bigger than 0.25 in weak coupling condition 0 . 
When k = gfoum < 0.25 in weak-coupling regime, the maximal displacement of the mirror Aka can not be more than 
(Y^)^/^cr, i.e., thermal fluctuation of the mirror, therefore the displacement of the mirror caused by one photon can 
not be detected. 


Probability P 


The overall probability of a single photon (12) in the main text, generating the superposition state of \n) and 
(c + c'*')|n), is given by 

1 1 -I- r 

P=- Kex.p{—Kt){- - \0t)f A-^‘^)dt. (93) 

4 Jo 1 — z 

where ft = 0, (j){a, t). 

Eor the first scheme, P = ) /^ + X’ second scheme, let \a\ = {j^)^^‘^/2 and (3 = 0, then 

P = /^- Therefore, for the first scheme, P is approximately 6.94/c^ with k = 1.2x lO^cj^, 0 = 0.005 

and 2 ) = 0.999999999, and for the second scheme, P is approximately 5/c^ with n = 2 x lO^uJm, z = 0.999999999. 





17 


Average displacement of the any pointer in postselected weak measurement 

The interaction Hamiltonian between the system and the pointer is 

Hint = x{t)A ( 8 ) q. ( 94 ) 

Suppose the initial state of the system is \^i) = cosOi\ai) + sm0i\a2), and the initial state of the pointer is pm- The 
system is postselected in the state |4>/) = cos 6 >/|ai) + 6*^^ sin 6 >/|a 2 ) after the interaction (|94|) . and the pointer collapses 
to the state (unnormalized) 

Pfm = {^f\exp{-ixA^ q)\^i){^i\pmexp{ixA^ q)\^f) ( 95 ) 

= [cos^i cos Of exp(—iyaig) + sin^^ sin^j 
exp(—ixa 2 ^)]pm [cos Oi cosOf exp(ixaig) + sin Oi 

sin Of exp{ixa 2 q)]- 

The success probability of postselection is 

Ps=Tr{pfm)- (96) 

However, if y <C 1 and <C 1, and when Oi = j — e and Of = —j-\-e with 5 <C 1, pfm (|95|) is approximately 

Pfm ~ ^[4.6 p i(pix{a2 - ai)q]pm[4^£ - ip - ix{(^2 - Cii)q]- ( 97 ) 

The average displacement of the pointer observable M (M = p, q) is 

Note that 

Tr{Mpfm) « (leer^ + ip^){M)p^ + z4ex(a2 - ai)([M, q])p^ (99) 

+ tfX{a 2 -ai){{M,q})p^ + X^{a 2 - aif {qMq)p^, 

and the normalized coefficient is 


^0 = Tr{pfm) « (lee^ + + 2px{a2 - ai){q)p^ (100) 

+ xHa2-a,f{q^)p^, 

where Tr{'pm) as (•)p^ for short throughout the paper. 

By substituting and (jlQOp into iHi), we find that 

{M)f = T[(i6e2 + P)(M)p„ +i4ex(a2 - ai){[M,q])p^ + px{a2 (101) 

Ao 

- ai){{M,q})p^ +X^(«2 - aif{qMq)pJ, 

where [•] and {•} denote commutation and anticommutation rules, respectively. (ITTnli is the average displacement of 
the any pointer. 

If the density pm satisfy the symmetry condition, i.e, F{—x) = T(x), the expression (jlQip becomes 

{M)f = ^(i46x(a2 - ai)([M, q])p^ + px{ci2 - ai){{M, g})p^), (102) 

where A = IG^^ + p^ + x^(a 2 — ai)^(g^)p^ is a normalized coefficient. It is obvious that the displacement is determined 
by i4:£x{cL2 — ai)([M, and px (^2 — ai)({M, g})p^. The former and latter are both caused by interference term 
of this state ([UTI) . In other words, the key to understand the amplification is the coherence (superposition) between 
the different pointers after postselection. 
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There are two cases for Eq. (jlQ2p : (1) when (/9 = 0 and s ^ 0, (|lQ2p becomes 


W/ = -^i4£x(a2 - ai)([M,g])p^, (103) 

where Ai = 16^^ + 'X^{ci 2 — pm ^ normalized coefficient. (|lQ3p correspond to the displacement proportional 

to real weak value, the result is holds up if and only if M = p; (2) when p ^ 0 and 5 = 0, (|1Q2D becomes 

{M)f = - ai)({M,g})p„, (104) 

where A 2 = X ^{^2 — ^ normalized coefficient. (llQ4p correspond to the displacement proportional 

to imaginary weak value, the result is holds up if and only if M = g. 

Suppose that pm = |0)(0| (ground state) or |(a)(<a| (coherent state), the maximal amplification value of (|1Q4D is the 
ground state fluctuation cr, which are exactly confirmed by Eq. (17) in Ref. (sj and Eq. (25) in Ref. (§|, respectively. 
When pm = 5'(0I<^)(<^I^^(0? *^(0 = exp(|^*a^ — with ^ = re*^, the maximal amplification value of (|1Q4D is 

the squeezing ground-state fluctuation which is exactly confirmed by Eq. (15) in Ref. (Hi- However, when 

= (1 — z) X]n=o ^ ^ the maximal amplification value of (|lQ3p and (jlQ4p are, respectively, 

(confirmed by ([2T]) in SMs) and ±(Y^)^/^cr (thermal fluctuation), which is exactly confirmed by Eq. 

(4) in main text. 
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